In this paper, we introduce a graph transformation analogous to that of Mycielski. Given a graph G and any integer m; one can transform G into a new graph m m ðGÞ; the generalized Mycielskian of G: Many basic properties of m m ðGÞ were established in (Lam et al., Some properties of generalized Mycielski's graphs, to appear). Here we completely determine the circular chromatic number of m m ðK n Þ for any mðX0Þ and nðX2Þ: We prove that for any odd integer nX3 and any nonnegative integer m; w c ðm m ðK n ÞÞ ¼ wðm m ðK n ÞÞ ¼ n þ 1: This answers part of the question raised by Zhou (J. Combin. Theory Ser. B 70 (1997) 245) or that by Zhu (Discrete Math. 229 (2001) 371). Because m m ðK 3 Þ; for arbitrary m; is a planar graph with connectivity 3 and maximum degree 4; it provides another counterexample to a question asked by Vince (J. Graph Theory 17 (1993) 349). For any positive even number nðX2Þ and any nonnegative integer m; we show that w c ðm m ðK n ÞÞ ¼ n þ ð1=tÞ; where t ¼ I2m=nm þ 1: This gives a family of arbitrarily large critical graphs G with high connectivity and small maximum degree for which w c ðGÞ can be arbitrarily close to wðGÞ À 1: r
Introduction
All graphs considered in this paper are finite, simple, and undirected. For terminologies and concepts of graph theory not explicitly defined, please refer to [3] .
Given two integers k; d such that kX2dX1; a ðk; dÞ-coloring of a graph G is a coloring c of the vertices of G with colors 0; 1; 2; y; k À 1 such that for any two adjacent vertices x and y of G; we have drjcðxÞ À cðyÞjpk À d: The circular chromatic number of G; denoted by w c ðGÞ; is the infimum of the value k=d for which there exists a ðk; dÞ-coloring of G: Clearly for any integer k; a ðk; 1Þ-coloring of a graph G is just an ordinary k-coloring of G: The circular chromatic number of a graph is a natural generalization of the chromatic number of a graph. It was introduced by Vince in 1988 [9] , under the name the star chromatic number, in which one was allowed to use more than wðGÞ colors, but the colors assigned to adjacent vertices were in some sense far apart.
It follows from the definition that w c ðGÞpwðGÞ for any graph G: On the other hand, it was shown in [9] that w c ðGÞ4wðGÞ À 1: Therefore Jw c ðGÞn ¼ wðGÞ: The parameter w c ðGÞ can be regarded as a refinement of wðGÞ; containing more information about the graph. In fact, it is well known [2, 9] that there are graphs G such that w c ðGÞ ¼ wðGÞ; and there are also graphs G such that w c ðGÞ is arbitrarily close to wðGÞ À 1:
Let G be a graph with vertex set V 0 ¼ fv 0 1 ; v 0 2 ; y; v 0 n g and edge set E 0 : Given an integer mX1; the m-Mycielskian of G; denoted by m m ðGÞ; is the graph with vertex set
We define m 0 ðGÞ to be the graph obtained from G by adding a universal vertex u: In a search for triangle-free graphs with arbitrarily large chromatic numbers, Mycielski [8] developed an interesting graph transformation. The Mycielskian of G; denoted by mðGÞ; was simply m 1 ðGÞ: The Mycielskian has many interesting properties concerning color criticality, connectivity, chromatic number, fractional chromatic number, etc. The circular chromatic number of Mycielski's graphs was also studied in [4, 6, 7] . For two positive integers k and d such that kX2d; G d k is the graph with vertex set f0; 1; y; k À 1g in which ij is an edge if and only if dpji À jjpk À d: Huang and Chang [6] proved that w c ðmðG d k ÞÞ ¼ wðmðG d k ÞÞ ¼ Jk=dn þ 1: Chang et al. [4] investigated the circular chromatic number of m m ðGÞ ¼ mðm mÀ1 ðGÞÞ for mX2: Furthermore, they investigated graphs G which satisfies w c ðmðGÞÞ ¼ wðmðGÞÞ and the relation between w c ðm m ðGÞÞ and wðm m ðGÞÞ for mX2:
In this paper we investigate the circular chromatic numbers of generalized Mycielskians, the collective name for m-Mycielskians, mX0: It is hard to determine whether w c ðGÞ ¼ wðGÞ or w c ðGÞ is close to wðGÞ À 1 for a graph G: This paper provides some results in this direction for graphs of Mycielski. In Section 3, we show that w c ðm m ðK n ÞÞ ¼ wðm m ðK n ÞÞ ¼ n þ 1 for any odd positive integer nX3; and for any nonnegative integer m: We also demonstrate that, unexpectedly, m m ðK 3 Þ is a 4-edge-critical planar graph. In Section 4, we prove that for any positive even number nðX2Þ and any nonnegative integer m; w c ðm m ðK n ÞÞ ¼ n þ ð1=tÞ; where t ¼ I2m=nm þ 1:
The above results generalize some results in [4] . Furthermore, they yield many graphs with particular properties and circular chromatic numbers. For example, there are 4-edge-critical planar graphs whose circular chromatic number is 4, this again disproves a conjecture in [9] for n ¼ 4 and gives the answer to the question asked by Gao et al. [5] . It also follows that there are arbitrarily large colorcritical graphs G with small DðGÞ for which w c ðGÞ ¼ wðGÞ: This answers half of the question raised by Zhou at the end of Section 2 of [10] or Question 8.15 raised by Zhu [12] .
Abbott and Zhou [1] asked the following question: Given e40; do there exist critical graphs G of high connectivity such that w c ðGÞpwðGÞ À 1 þ e? It is an immediate consequence of the above results that for any e40 there exist arbitrarily large ð2k þ 1Þ-edge-critical graphs G with connectivity 2k for which w c ðGÞo2k þ e; answering partially the question raised by Abbott and Zhou [1] . Although we can partially answer some questions regarding circular chromatic number of a graph G by generalized Mycielskians, many problems concerning generalized Mycielski's graph remain open.
Some notations
In this section, we introduce some notations. Suppose pX2 is an integer. We shall place the integers from the interval ½0; pÞ on a circle, denoted by C p ; in the clockwise direction. For two distinct integers i; jA½0; pÞ; we denote by ½i; j p the path on C p goes from i to j in the clockwise direction. The same notation will also denote the vertex set of that path. Length of the path ½i; j p is denoted by /i; jS p : Superscripts and subscripts p will be omitted unless confusion is possible.
Suppose nX2 and mX0 are given integers and G ¼ m m ðK n Þ: If there exists a ðp; qÞcoloring c of G; where npp=qon þ 1; then c induces a ðp; qÞ-coloring c i on each of V i : For simplicity, we denote by c i j the color-number of v i j ; the jth vertex of the ith layer. We shall deem these color-numbers as being chosen from C p : Since G½V 0 and m 0 ðK n Þ are simply K n and K nþ1 ; respectively, we can order the vertices of V i for i ¼ 0 in such a way so that (a) As j increases from 1 to n; c i j goes around C p in a clockwise direction, neither repeating nor jumping over used colors,
where additions in the indices are taken modulo n: In general, for positive integer ipm; the induced coloring c i satisfying properties (a)-(c) are said to be in cyclic order, tight and loose, respectively.
3
. v c ðl m ðK n ÞÞ for odd n Circular chromatic numbers of Mycielski's graphs were investigated in [4, 6] . It is known that there are graphs G for which w c ðmðGÞÞ ¼ wðmðGÞÞ; and there are also graphs G for which w c ðmðGÞÞowðmðGÞÞ: We shall show that there are graphs G for which w c ðm m ðGÞÞ ¼ wðm m ðGÞÞ for any mX0; and there are also graphs for which w c ðm m ðGÞÞowðm m ðGÞÞ for any mX1: If G ¼ K 2 ; then m m ðK 2 Þ is simply C 2mþ3 : Therefore w c ðm m ðK 2 ÞÞowðm m ðK 2 ÞÞ ¼ 3: In this and the next section, we shall study the case where G ¼ K n ; nX3; and n is odd and even respectively.
Theorem 1. For any odd integer nX3 and any integer mX0; w c ðm m ðK n ÞÞ ¼ wðm m ðK n ÞÞ ¼ n þ 1:
It is straight forward to verify that npw c ðGÞpwðGÞpn þ 1: Assume to the contrary that w c ðm m ðK n ÞÞ ¼ p=qon þ 1: Then there exists a ðp; qÞcoloring c of m m ðK n Þ; where ppðn þ 1Þq À 1: As described in Section 2, we order V 0 so that c 0 is in both tight and loose cyclic order.
Suppose that c i ; 0pipm À 1; is in both tight and loose cyclic order. For j ¼ 1; 2; y; n; v iþ1 j is adjacent to every vertex of V i with the exception of v i j : Therefore c iþ1 j A½c i jÀ1 þ q; c i jþ1 À q and c iþ1 jþ1 A½c i j þ q; c i jþ2 À q: Since c i is in tight cyclic order, /c i j ; c i jþ1 Sp2q À 1 and therefore c iþ1 j and c iþ1 jþ1 belongs to disjoint intervals on C q for j ¼ 1; 2; y; n: It follows that c iþ1 is in cyclic order. Since we also have c iþ1 jþ2 A½c i jþ1 þ q; c i jþ3 À q; hence c i jþ1 A½c iþ1 j þ q; c iþ1 jþ2 À qa| and consequently c iþ1 is in loose cyclic order.
Moreover, because c iþ1 is in loose cyclic order, we have
and therefore /c iþ1 jÀ1 þ q; c iþ1 jþ2 À qSpp À ðn À 3Þq À 2q ¼ 2q À 1:
It follows that c iþ1 is in tight cyclic order. We have shown by mathematical induction that c i is in tight and loose cyclic order for i ¼ 0; y; m: However, this means that the universal vertex cannot be properly colored, and this contradiction shows that the above ðp; qÞ-coloring does not exist, and in fact w c ðm m ðK n ÞÞ ¼ n þ 1 for any mX0: & It is straightforward to check that m m ðK n Þ is ðn þ 1Þ-edge-critical and n-connected, therefore we have the following corollary. Corollary 1. For any even integer nX4; there are arbitrarily large n-edgecritical graphs G with maximum degree 2ðn À 2Þ and connectivity n À 1 such that w c ðGÞ ¼ wðGÞ:
Zhou [10] asked whether there are arbitrarily large k-critical graphs G such that w c ðGÞ ¼ wðGÞ and DðGÞ is small. Zhu [12] again described the question as follows: For an integer nX4; does there exist an integer m such that there are arbitrarily large n-critical graphs G with DðGÞpm and w c ðGÞ ¼ wðGÞ? If there exists such an integer, let DðnÞ be the least one of such integers. What is DðnÞ for nX4?
Corollary 1 implies that for any even integer nX4; there are arbitrarily large ncritical graphs G with DðGÞp2ðn À 2Þ and w c ðGÞ ¼ wðGÞ: Moreover, for any even nX4; DðnÞ exists and is at most 2ðn À 2Þ:
It is interesting to note that m m ðK 3 Þ is planar for any integer mX0: In fact, we can give a planar embedding of m m ðK 3 Þ for each m: Here we only give the planar embeddings of m 3 ðK 3 Þ and m 4 ðK 3 Þ in Figs. 1-4 . The case of odd m is similar to m ¼ 3 and the case of even m is similar to m ¼ 4:
Vince [9] asked whether or not all edge-critical 4-chromatic planar graphs have circular chromatic numbers strictly between 3 and 4. Zhu [11] provided an odd wheel W 2nþ1 as a counterexample to Vince's question. But the maximum degree of W 2nþ1 is very large. Gao et al. [5] proved that the reel graph R 3 (which is isomorphic to m 1 ðK 3 Þ), with only seven vertices and maximum degree 4, is another counterexample to Vince's question. They also asked whether or not there exist infinitely many more counterexamples. Here, we can observe that m m ðK 3 Þ is edge-critical and w c ðm m ðK 3 ÞÞ ¼ wðm m ðK 3 ÞÞ ¼ 4 but its diameter can be arbitrarily large and its maximum degree can be very small relatively. So the family 
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4
. v c ðl m ðK n ÞÞ for even n In this section, we deal with the case where n is even. We shall first show that w c ðm m ðK n ÞÞ decreases monotonically and tends to limit n as m tends to infinity. Proof. We shall explicitly give a proper ð2rðt þ 1Þ þ 1; t þ 1Þ-coloring c of m tr ðK 2r Þ: Note that V ðm tr ðK 2r ÞÞ may be written as ð ; v 0 1 is a cycle of length 2rðt þ 1Þ þ 1 in m 2sr ðK 2r Þ: For convenience, we denote the cycle by x 1 ð¼ v 0 1 Þ; x 2 ; y; x 2rðtþ1Þþ1 ð¼ v 1 2r Þ; x 1 : Let cðx 1 Þ ¼ 0 and cðx iþ1 Þ ¼ cðx i Þ þ ðt þ 1Þðmod ðt þ 1Þ þ 1Þ for i ¼ 1; 2; y; 2rðt þ 1Þ: Then this ð2rðt þ 1Þ þ 1; t þ 1Þ-coloring of the cycle C induces a proper ð2rðt þ 1Þ þ 1; t þ 1Þcoloring of m tr ðK 2r Þ as follows:
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(A) All vertices on C; including V 0 ; have been colored as described above; (B) cðv 1 k Þ ¼ cðv 0 k Þ; k ¼ 2; 3; y; 2r À 1; and (C) for i ¼ 2; 3; y; tr; the color of each vertex v i k of the ith twin set V i except the two vertices on C is the same as that of vertex v iÀ2 k of the ði À 2Þth twin set V iÀ2 : To see that the coloring c is proper, first notice that /cðx i Þ; cðx iþ1 ÞS ¼ t þ 1 for i ¼ 1; 2; y; 2rðt þ 1Þ þ 1; where addition in the indices is taken mod 2rðt þ 1Þ þ 1: So vertices on the cycle C is colored properly. We can see that V 0 and V 1 has been colored properly. Suppose for 0pkptr À 2; V k and V kþ1 have been colored properly. Since V kþ2 \C is colored the same as the corresponding vertices on V k ; no conflict will happen there. If v kþ1 i and v kþ2 iþ1 are vertices on V kþ1 -C and V kþ2 -C; respectively, then /c kþ1
; c kþ2 iþ1 SXt þ 1; and consequently v kþ2 iþ1 has been colored properly. By a similar argument, if v kþ1 i and v kþ2 iÀ1 are vertices on V kþ1 -C and V kþ2 -C respectively, we can also show that v kþ2 iþ1 has been colored properly. Case 2: t ¼ 2s þ 1 for some integer sX0:
In this case, we see
We may color the cycle C and then arrive at a proper ð2rðt þ 1Þ þ 1; t þ 1Þ-coloring of m tr ðK 2r Þ as in Case 1.
Therefore, for any t and r; m tr ðK 2r Þ has a proper ð2rðt þ 1Þ þ 1; t þ 1Þ-coloring and consequently w c ðm tr ðK 2r ÞÞp2r þ 1 tþ1 : & Examples of proper coloring as described in Cases 1 and 2 are illustrated in Fig. 5 .
Theorem 2. For any positive integer r and any nonnegative integer s, we have w c ðm srþi ðK 2r ÞÞ ¼ 2r þ ½1=ðs þ 1Þ; i ¼ 0; 1; 2; y; r À 1:
Proof. Since m iþj ðK 2r Þ is homomorphic to m i ðK 2r Þ for nonnegative integers i and j; so by Lemma 1 above, we have w c ðm m ðK 2r ÞÞ decreases to 2r as m tends to infinity. We put G ¼ m m ðK 2r Þ; where m is the smallest integer for which w c ðm m ðK 2r ÞÞo 2r þ ½1=ðs þ 1Þ: If we can show that mXðs þ 1Þr; then the Theorem follows from Lemma 1. Let dXs þ 2 be an integer such that w c ðGÞp2r þ fðd À 1Þ=½dðs þ 1Þg: Then there exists a ðp; qÞ-coloring c of m m ðK 2r Þ; where q ¼ dðs þ 1Þ and p ¼ 2rq þ d À 1: Arrange the vertices of V 0 so that c 0 ; the induced coloring of c on V 0 ; is in cyclic order. Since G½V 0 is K 2r ; c 0 is in both tight and loose cyclic order. Suppose that c i ; 0pipm À 2; is in both tight and loose cyclic order. As in the proof of Theorem 1, we can show that c iþ1 is in loose cyclic order. If c iþ1 is not tight, then we can obtain a ðp; qÞ-coloring of m iþ1 ðK 2r Þ; contradicting the choice of m: So c iþ1 is also in tight cyclic order. So for 0pipm À 1; c i is in both tight and loose cyclic order.
Moreover, we can also show that c m is in loose cyclic order. However, c m is not tight, otherwise the universal vertex cannot be properly colored. Without loss of generality, we assume that /c m 2r ; c m 1 SX2q: Because c m is loose, we have
SX2ðr À 1Þq and consequently /c m 2rÀ1 ; c m 2r Spp À 2q À 2ðr À 1Þq ¼ d À 1: We shall show by mathematical induction that for 1pkpr;
We have already shown that (1) and (2) holds for k ¼ 1: Suppose (1) and (2) holds for 1pkpr À 1: Since c mÀkþ1 2rÀkþ1 A½c mÀk 2rÀk þ q; c mÀk 2rÀkþ2 À q and c mÀkþ1
Also because c mÀk is loose,
and consequently /c mÀk 2rÀkÀ1 ; c mÀk 2rÀk Spp À 2ðk þ 1Þq À 2ðr À k À 1Þq ¼ d À 1: So (1) and (2) holds for 1pkpr: Since q4d À 1; none of the layers V mÀk ; 1pkpr; can be the base layer V 0 : Moreover, we can show in a similar way that (1) also holds for k ¼ r þ 1: /c mÀr r ; c mÀr rþ1 SX2ðr þ 1Þq ¼ p þ 2q À ðd À 1Þ: The fact that the quantity /c mÀr r ; c mÀr rþ1 S is greater than p means that in going from c mÀr r to c mÀr rþ1 ; one has traversed around the p-cycle once before stopping. Therefore in fact we have /c mÀr r ; c mÀr rþ1 SX2q À ðd À 1Þ: ð3Þ
As before, we can deduce from (3) that 
Since ðs 0 þ 1Þðd À 1ÞXq ¼ ðs þ 1Þd only if s 0 Xs þ 1; we see that (4) holds when the superscript is m À ðs þ 1Þr þ 1: Therefore V mÀðsþ1Þrþ1 cannot be the base layer V 0 ; and mXðs þ 1Þr: & Corollary 1. For any integer k and E40; there exist arbitrarily large ð2k þ 1Þ-edgecritical graphs G with connectivity 2k and maximum degree at most 4k À 2 such that w c ðGÞo2k þ E:
Concluding remarks
In Sections 3 and 4, the circular chromatic numbers of m m ðK n Þ are obtained. For any odd positive integer n and any nonnegative integer m; w c ðm m ðK n ÞÞ ¼ wðm m ðK n ÞÞ ¼ n þ 1: So for any even integer nX4; there exist arbitrarily large n-edge-critical graphs G with high connectivity and small maximum degree such that w c ðGÞ ¼ wðGÞ: Because of Theorem 2, we conclude that for any even positive integer n; w c ðm m ðK n ÞÞ is monotonically decreasing but not strictly as m increases. Since for any even n and any graph G with chromatic number n; m m ðGÞ is homomorphic to m m ðK n Þ; then w c ðm m ðGÞÞpn þ 1=ðI2m=nm þ 1Þ: This implies that the limit of w c ðm m ðGÞÞ is at most n as m approaches infinity. This observation motivates the following question: What is the limit of w c ðm m ðGÞÞ as m approaches infinity for any G?
